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Abstract 
Herrlich, H., Almost reflective subcategories of Top, Topology and its Applications 49 (1993) 
251-264. 
The concept of almost reflective subcategories is introduced, and it is shown that in the category 
Top of topological spaces and continuous maps the relations between the following concepts are 
rather tight: 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
almost reflective subcategories, 
reflective subcategories, 
implicational subcategories (=injectivity classes), 
orthogonal subcategories, 
subcategories closed under the formation of products and retracts, 
subcategories closed under the formation of limits, 
subcategories A such that no space generates large A-spaces. 
The dual concepts are illuminated by examples in Top as well. 
Keywords: Almost reflective subcategories, implicational subcategories, spaces which generate 
large A-spaces, compact spaces, pseudocompact spaces, H-closed spaces, connected spaces, 
pathwise connected spaces, T,,-spaces, T,-spaces. 
AMS (MOS) Subj. Class.: 54B30, 54D35, 54D80, 54C15, 18A40 
1. Almost reflective and implicational subcategories 
The recent discovery [ 1,221 that intersections of reflective subcategories of Top 
need not be reflective in Top has renewed interest in concepts weaker than reflectivity 
(cf., [2, 17,20,21]). 
In the following, C is a category and A is a subcategory of C. To keep the paper 
accessible to topologists, no effort has been made to formulate all results in a 
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generality appropriate to categorists; instead those results, which require tedious 
assumptions about the category in question, have been formulated for the category 
Top of topological spaces and continuous maps only. Properties of topological 
spaces are identified with the corresponding subcategories of Top. All subcategories 
are assumed to be full and isomorphism closed. 
Definition 1.1 [14, 181. A is called weakly reflective in C provided that for every 
C-object C there exists a weak A-reflection 
necessarily unique) morphism g : A + B 
withf-gor. 
As the following example shows, weakly reflective subcategories of Top may fail 
to be nice, and thus may be quite uninteresting. 
Example 1.2. Let ~2 be an unbounded, but otherwise quite arbitrary, class of cardinal 
numbers. The class A of all topological spaces X with Card X E d (where here and 
later Card X denotes the cardinality of the underlying set of X) is weakly reflective 
in Top. Obviously, for suitable &, A is not closed under the formation of (even 
binary) products and in fact may be quite awkward. However, the situation improves 
and shows remarkable parallelities to the concept of reflective subcategories if we 
strengthen the above definition as follows: 
Definition 1.3 (cf. [2]). A is called almost rejective in C provided that A is weakly 
reflective in C and closed under the formation of retracts in C. 
Examples 1.4. (1) In the category Unif of uniform spaces, complete spaces form an 
almost reflective subcategory, which is not reflective. The standard (not necessarily 
Hausdorff) completions are almost complete reflections. 
(2) In the category Met of metric spaces and nonexpansive maps, hyperconvex 
spaces form an almost reflective subcategory, which is not reflective. Isbell’s hyper- 
convex hulls (=injective envelopes [ 131) are almost hyperconvex reflections. 
(3) In Top, pathwise connected spaces form an almost reflective subcategory, 
which is not reflective. However, connected spaces are not almost reflective (Theorem 
3.6 below). 
(4) In Top, injective To-spaces (=retracts of powers of the Sierpinski space S) 
form an almost refective subcategory, which is not reflective. For any space X, the 
canonical map X + S c(x,s) is an almost injective T,-reflection. 
(5) In the category POS of partially ordered sets and order-preserving maps, 
complete lattices form an almost reflective subcategory, which is not reflective. 
MacNeille completions are almost complete reflections. 
(6) In the category Field of fields and arbitrary field extensions, algebraically 
closed fields form an almost reflective subcategory, which is not reflective. The 
algebraic closures are almost algebraically closed reflections. 
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(7) In the category BLat bounded lattices and bounded homomorphisms, 
complemented lattices form an almost reflective subcategory, which is not reflective. 
(8) In the category Set of sets and functions, exactly one of the four almost 
reflective subcategories is not reflective. This category A consists of all nonempty 
sets. Any injective map f: X+ Y with nonempty codomain Y is an almost A- 
reflection for X. 
Definitions 1.5 (cf. [18] for injectivity, [7] for orthogonality, [3] for implica- 
tional). (1) Let M be a class of C-morphisms. A C-object C is called M-injective 
(respectively M-orthogonal) provided that for every m : X + Y in M and every 
morphism f: X + C there exists some (respectively a unique) morphism g : Y + C 
with f = g 0 m. The class of M-injective (respectively M-orthogonal) objects is 
denoted by Inj( M) (respectively Orth( M)). 
(2) A is called an injectivity class or implicational (respectively orthogonal) in C 
provided that there exists a class M of C-morphisms with A = Inj(M) (respectively 
A = Orth(M)). In case, M can be chosen as a set, A is called small implicational 
(respectively small orthogonal). 
Proposition 1.6 (see [2, 7,201). In Top the following implications hold: 
small orthogonal + reflective + orthogonal + implicational 
0 
intersection 
of reflective 
subcategories 
Proposition 1.7 (see [2]). (1) If A . IS a most reflective in C, then A is implicational 1 
in C. 
(2) Each implicational subcategory of C is closed under the formation of products 
and retracts in C. 
Examples 1.8. (1) In Top, compact spaces form an implicational subcategory, which 
is neither almost reflective nor orthogonal. The same holds for compact T,-spaces 
and for compact T,-spaces [12]. 
(2) In Top there exist orthogonal subcategories, which are not reflective [l, 221. 
Such subcategories are implicational (see Proposition 1.6) and not almost reflective 
(see Corollary 2.6 below). 
(3) In each of the categories PsTop (of pseudotopological spaces) and Chy (of 
Cauchy spaces), compact spaces form an implicational subcategory, which is not 
almost reflective (see [5, lo] for PsTop, and [4] for Chy). 
(4) In the category BiTop of bitopological spaces, bi-Hausdorff compact spaces 
form an orthogonal subcategory, which is not almost reflective [l]. Likewise in the 
category Chy, of Hausdorff Cauchy spaces, compact Hausdorff spaces form an 
orthogonal subcategory, which is not almost reflective [4]. 
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2. Small spaces which generate large spaces 
By Proposition 1.7, each almost reflective subcategory of C is closed under the 
formation of products and retracts in C. By Examples 1.8, the converse does not 
hold even in case C =Top. Even worse: it is not possible to characterize almost 
reflective subcategories of Top by requiring that they are closed under certain 
topological constructions. Another type of condition is needed: 
Proposition 2.1. If C has products, then the following conditions are equivalent: 
(1) A is almost reflective in C, 
(2) (a) A is closed under the formation of products and retracts in C and 
(b) A satisfies Freyd’s solution-set-condition. 
In Top Freyd’s solution-set-condition can be reformulated easily by using the 
following terminology, due to Comfort [6]. 
Definition 2.2. A topological space X generates large A-spaces provided that for 
every cardinal number (Y there exists some continuous map f: X + A with A in A 
which does not factor 
through a space B in A with Card B < a. 
Remark 2.3. If A is closed under the formation of continuous images and of finite 
products and if every topological space is a subspace of some member of A, then 
a topological space X generates large A-spaces if and only if for every cardinal 
number (Y there exists an embedding of X into an A-space A such that no subspace 
of A, which contains X and belongs to A, has cardinality less than (Y. (This is the 
definition given by Comfort [6].) 
Corollary 2.4. T7ze following conditions are equivalent: 
(1) A is almost refZective in Top, 
(2) (a) A is closed under the formation of products and retracts in Top and 
(b) no topological space generates large A-spaces. 
Examples 2.5. (1) The class of connected spaces is closed under the formation of 
products and retracts (even continuous images) in Top, but every nonconnected 
topological space generates large connected spaces (cf. Corollary 3.7). 
(2) The class of H-closed spaces is closed under the formation of products and 
retracts in Top, but every non-H-closed Hausdorff space generates large H-closed 
spaces (cf. Corollary 3.10). 
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Corollary 2.6. The following conditions are equivalent: 
(1) A is reflective in Top, 
(2) A is almost rejlective and orthogonal in Top. 
Proof. (2)3(l) follows from Proposition 2.1 by Freyd’s Adjoint-Functor- 
Theorem. 0 
Theorem 2.7 ([2], see also [7, 161). Every small implicational subcategory of Top is 
almost reflective in Top. 
Corollary 2.8. The following conditions are equivalent: 
(1) A is implicational in Top. 
(2) A is an intersection of almost rejlective subcategories of Top. 
Diagram 2.9. For subcategories of Top the following implications hold: 
epireflective 
@ 
* reflective =3 almost reflective 
‘t ? 
JJ ‘\, JJ ‘\( 
intersection 
of epireflective 
subcats 
implicational 
w.r.t. 
surjections 
I 
closed under closed under 1 
products and * products and I 
subspaces retracts 
The dotted arrows hold if (and only if) no space generates large A-spaces. 
closed under 
=3 products and 
equalizers 
intersection 
* of reflective 
subcats 
@ 
* orthogonal 
intersection of I 
=3 almost reflective I 
subcats I 
I 
a I I 
=3 implicational / 
Remark 2.10. In the above diagram, most implications remain valid for categories 
other than Top. However, even for “nice” categories, the validity of Theorem 2.7 
and Corollary 2.8 and of the implications 
intersection intersection 
of reflective e orthogonal + implicational + of almost 
subcats reflective subcats 
is not established-and likely to fail. For Top”” it is unknown, which of these 
implications hold. In case C is not co-wellpowered even the above characterizations 
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of epireflective subcategories may fail. In the monadic (not co-wellpowered) con- 
struct Fram of frames, the full subconstruct CBoo of complete Boolean algebras is 
implicational with respect to the single epimorphism 
1 1 
I x:x /\ 
J \o/y 
But CBoo is not almost reflective in Fram. It is unknown whether CBoo is an 
intersection of (almost) reflective subcategories of Fram. Cf. [20]. 
3. Implicational and almost reflective hulls 
Definition 3.1. B is called the almost reflective hull (respectively implicational hull) 
of A in C provided that B is the smallest almost reflective (respectively implicational) 
subcategory of C containing A. 
Proposition 3.2 [7,19,21]. Every subcategory A of C has an implicational hull. 
Proposition 3.3 [2]. If C has products and A is small, then A has an almost reflective 
hull B in C. Moreover: 
(1) B is simultaneously the implicational hull of A in C, 
(2) B consists of all retracts of products of members of A. 
Proposition 3.4. A subcategory A of Top either has no almost reflective hull in Top 
or its almost reflective hull coincides with its implicational hull in Top. 
Proof. Follows immediately from Corollary 2.8. 0 
Examples 3.5. (1) In Top the almost reflective hull of the Sierpinski space S consists 
of all injective To-spaces (=retracts of powers of S). 
(2) In Top the subcategory of compact spaces has no almost reflective hull (cf. 
Examples 1.8( 1)). 
(3) In Top any nonreflective, orthogonal subcategory (for examples see [I, 221) 
has no almost reflective hull (cf. Corollary 2.6). 
(4) In the category BiTop of bitopological spaces, the subcategory of bi-Hausdorff 
compact spaces has no almost reflective hull (cf. [l]). 
The following results show that in Top subcategories, which are closed under the 
formation of products and retracts, may fail badly to be almost reflective. They may 
even be far from being implicational. 
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Theorem 3.6. In Top the implicational hull of the category Con of connected spaces 
is Top itself: 
Proof. Let A = Inj(M) be the implicational hull of Con in Top. Assume that some 
topological space B does not belong to A. Then there exist some m: X + Y in M 
and some continuous map f: X+ B such that there is no continuous map g: Y-, B 
with f= g 0 m. Let L be a connected linearly ordered topological space with least 
element 0, largest element 1, and some fixed element p E L\{O, 1) such that the 
cardinalities of each of the intervals [0, p] and [p, l] exceed the cardinality of Y. 
Since B is not connected there exists a nonempty, proper clopen subset C in B. Let 
C, (respectively C,) be the subspace of B with underlying set C (respectively B\C). 
Form the products A0 = C,, x [0, p] and A, = C, x [p, l] and identify in the topologi- 
cal sum of A, and A, all points in the set (C,, x {p}) u (C, x {p}). Then the resulting 
space A is connected, and the map h : B + A, defined by 
ifbEC, 
otherwise 
is an embedding. Since A is connected and hence belongs to A there exists a 
continuous map k : Y + A with h of = k 0 m. Because of the cardinality requirements 
there exist elements q0 E {x E L 10 <x < p} and q, E {x E L Ip < x < 1) such that k[ Y] 
meets neither C,,x{qO} nor C, ~{q,}. If b, is an arbitrary element of B, then the 
map g : Y + B, defined by 
1 
b, 
g(v)= b 
if k(y) = (b, x) with x < q0 or q, < x, 
0, otherwise 
is continuous and satisfies f= g 0 m. Contradiction. Thus A = Top. 0 
Corollary 3.7. Every nonconnected topological space generates large connected spaces. 
Proof. Let X be a topological space, which does not generate large connected 
spaces. Then there exists an almost connected reflection m :X-+ Y for X (cf. 
Proposition 2.1). Thus Inj({m}) . IS an implicational subcategory of Top, which 
contains all connected spaces. Hence, by Theorem 3.6, Inj({m}) = Top. In particular 
X must be {m}-injective. Consequently there exists a continuous map g : Y + X 
with id, = g 0 m. Thus X is a retract of the connected space Y. Hence X is 
connected. 0 
Theorem 3.8. In Top the implicational hull of the category HClos of all H-closed 
spaces is the category Haus of all Hausdorflspaces. 
Proof. Let A = Inj( M) be the implicational hull of HClos in Top. Then HClos c A c 
Haus. Assume that some Hausdorff space B does not belong to A. Then there exist 
some m :X+ Y in M and some continuous map f: X + B such that there is no 
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continuous map g : Y + B withf= g 0 m. Let KB be the (H-closed) Katetov extension 
of B (recall that the elements p of KB\B are the maximal open filters without 
adherence point in B), and let (Y be an infinite cardinal with Card Y G (Y. 
Let (Y+ be the cardinal successor of cq and let C be the (compact Hausdorff) 
space of all ordinals y with ye (Y+, supplied the order topology. Let A be the 
(H-closed) space with underlying set (B x C) u (KB\B), and such that a set U is 
open in A provided that it satisfies the following conditions: 
(1) Un(BxC)isopenintheproductspaceBxC, 
(2) if a point p of KB\B belongs to U, then there exists VE p with (Vx 
(C\{a’I)) = CJ. 
Let h : B + A be the embedding, defined by h(b) = (b, a’). Then h of: X + A is 
a continuous map into an H-closed space. Since HClosc Inj(M) there exists a 
continuous map k: Y+ A with h 0 f = k 0 m. Since Card Y < LY+ there exists an 
ordinal /3 in C\{LY+} such that k[ Y] does not meet B x { y E C Ip < y < a+}. If bO 
is an arbitrary element of B, then the map g: Y + B, defined by 
if k(y) = (b, a+), 
otherwise 
is continuous and satisfies f = g 0 m. Contradiction. Thus A = Haus. II 
Corollary 3.9 [9]. The (epi-)reflective hull of HClos in Top is Haus. 
Corollary 3.10. Every Hausdor#space, which is not H-closed, generates large H-closed 
spaces. 
Proof. Parallel to that of Corollary 3.7, using Theorem 3.8 instead of Theorem 
3.6. 0 
Theorem 3.11. In Top the implicational hull of the category PsComp of all pseudo- 
compact spaces is the category Tych of all Tychonoff spaces. 
Proof. Let A = Inj( M) be the implicational hull of PsComp in Top. Then PsComp c 
A c Tych. Assume that some Tychonoff space B does not belong to A. Then there 
exist some m : X + Y in M and some continuous map f: X + B such that there is 
no continuous map g : Y + B with f = g 0 m. Let PB be the eech-Stone compac- 
tification of B, and let (Y be an infinite cardinal with Card Y s LY. Let LY+ be the 
cardinal successor of (Y and let C be the (compact Hausdorff) space of all ordinals 
y with YGCY+, supplied with the order topology. Let A be the pseudo-compact 
space, obtained from the product space /3B x C by removal of the set (pX\X) x {a’}. 
Let h:B+A be the embedding, defined by h(b)=(b,cu’). Then hof:X+A is a 
continuous map into a pseudocompact space. Thus there exists a continuous map 
k : Y + A with h 0 f = k 0 m. Since Card Y < (Y+ there exists an ordinal p in C\{cw’} 
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such that k[ Y] does not meet PB x {y E CX I/3 < y < a+}. If b0 is an arbitrary element 
of B, then the map g: Y + B, defined by 
{ 
b, 
g(y)= b 
if k( y) = (b, a+), 
0 9 otherwise 
is continuous and satisfies f = g 0 m. Contradiction. Thus A = Tych. 0 
Corollary 3.12 [6]. Every Tychonoff space, which is not pseudocompact, generates 
large pseudocompact spaces. 
Proof. Parallel to that of Corollary 3.7, using Theorem 3.11 instead of Theorem 
3.6. 0 
4. The ordered collection of almost reflective subcategories of Top 
Let Ref(Top) (respectively ARef(Top)) be the conglomerate of all reflective 
(respectively almost reflective) subcategories of Top, ordered by inclusion. Ref(Top) 
and ARef(Top) behave similarly as a comparison of the following results and proofs 
with those of [17] reveal. 
Proposition 4.1. Every collection of almost subcategories Top has 
a supremum in ARef(Top). 
Proof. Let I be a set and let ti = {A, 1 i E I} be a collection of almost reflective 
subcategories of Top. Then the subcategory A of Top, whose objects are the retracts 
of products of members of l_, ,i, A, is almost reflective in Top, and thus the supremum 
of A in ARef(Top). If X is a topological space and, for each i E Z, r, : X + A, is an 
almost A,-reflection of X, then the induced map r: X +n,,, Ai is an almost 
A-reflection of X. 0 
Proposition 4.2. Zf A is the injmum of a collection z2 = {Ai ( i E I} in ARef(Top), then 
A=fIi,t A,. 
Proof. Obviously A = n,,, A,. Vice versa, let A be a member of n,, , Ai. By 
Proposition 3.3, A has an almost reflective hull B in Top. Thus Bc A,, for each 
i E I. This implies B c A. Hence A belongs to A. Thus n,, , A, c A. 0 
Corollary 4.3. There exist almost refZective subcategories A and B of Top such that 
the collection {A, B} has no injimum in ARef(Top). 
Proof. By [22] there exist reflective subcategories A and B in Top, such that A n B 
is not reflective in Top. Since An B is orthogonal in Top, Corollary 2.6 implies that 
An B is not even almost reflective in Top. Thus, by Proposition 4.2, the collection 
{A, B} has no infimum in ARef(Top). 0 
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Corollary 4.4. In the category Chy of Cauchy spaces, the subcategories A, consisting 
of all complete spaces, and B, consisting of all totally bounded spaces, are almost 
reflective, but {A, B} has no injimum in ARef (Chy). 
Proof. Since Proposition 4.2 remains valid if Top is replaced by Chy, the result 
follows immediately from the fact that A n B (consisting of all compact spaces) is 
not almost reflective in Chy [4]. El 
5. The dual situation 
By duality, one obtains the following concepts: 
(1) almost coreflective subcategories, 
(2) M-projective objects, Proj( M), 
(3) (small) coimplicational subcategories, 
(4) topological spaces, which cogenerate large A-spaces, 
(5) subcategories of Top, which are closed under the formation of sums (=co- 
products) and retracts (=coretracts), 
(6) coimplicational and almost coreJlective hulls. 
The following results sum up the known relations between these concepts in Top. 
Proposition 5.1. For subcategories A of Top the following hold: 
(1) If A is almost coreflective, then A is coimplicational. 
(2) If A is coimplicational, then A is closed under the formation of sums and retracts. 
(3) A is almost coreflective if and only if A is closed under the formation of sums 
and retracts and no topological space cogenerates large A-spaces. 
(4) Any intersection of coimplicational subcategories of Top is coimplicational. 
(5) Every A has a coimplicational hull. 
(6) If A is small, then the retracts of sums of members of A form an almost coreflective 
hull of A. 
Many subcategories A of Top are closed under the formation of sums and retracts 
(e.g., all epirehective subcategories of Top, which contain some nonindiscrete space). 
Surprisingly most of the familiar ones fail to be almost coreflective (cf. Corollary 5.6). 
We start with some examples of almost coreflective but not coreflective sub- 
categories of Top: 
Examples 5.2. (1) Locally separable metrizable topological spaces (=sums of separ- 
able metrizable spaces) form an almost coreflective subcategory of Top, which is 
not coreflective. However, metrizable topological spaces are not almost coreflective 
in Top (HuSek: oral communication). 
(2) Consider the natural map m: X+ Y, where Y is an indiscrete space with 
underlying set (0, 1,2} and X is the sum of the three indiscrete spaces with underlying 
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sets (0, l}, {1,2} respectively (0, 2). Then A = Proj({m}) consists of all locally 
connected spaces whose components have at most two elements each. A is an almost 
coreflective subcategory, which is not coreflective. 
Proposition 5.3. Let A be a class of topological spaces, closed under the formation of 
retracts, and let a be a positive cardinal number. Then the subcategory B of Top, 
consisting of sums of spaces in A, each with cardinality less than a, is almost corefective 
in Top. 
Proof. For each space X consider a representative family {f; : Aj -+ X / i E I} for all 
maps from a space in A with cardinality less than a into X. Then the induced map 
f: C,,, Ai + X is an almost B-coreflection. 0 
Proposition 5.4. Every non-TO-space cogenerates large TO-spaces. 
Proof. This result is an immediate corollary of Corollary 5.10 below. However, here 
we will give a direct proof by means of a construction, which we need anyway. Let 
C be a non-To-space. Select two distinct points c0 and c, in C with CUE cl(q) and 
c, E cl{c,}. Let LY be an infinite cardinal and let W be the To-space of all ordinals 
y with y< a, supplied with the lower topology (i.e., a subset B of W is open if 
and only if y < 6 E B implies y E B). Then the continuous map f: W + C, defined by 
does not factor 
through a To-space X with Card X < a. If it would, Card X < Card W would imply 
that there exist two different elements y, and yz of W with g( y,) = g( yJ. Assume, 
without loss of generality, that the y, are both even and that y, < yz. Then there 
exists an odd ordinal 6 with y, < 6 < y2. Thus 6 E cl,( y,} and y2 E cl w{6} would 
imply g(6) E cl,{g( y,)> and g( y,) = g( yz) E cl,{g(6)}. Since X is a T,,-space this 
would imply g(S)=g(y,), thus f(s)=f(y,), a contradiction. 0 
Lemma 5.5. Zf a is an infinite cardinal with successor cy+, then there exists a continuous 
mapf: D”+ + S from the o+th power of a two-point discrete space D onto the Sierpinski 
space S, which does not factor through a T, -space X with Card X G cr. 
Proof. Let D and S both have (0, l} as underlying set, and let (0) be open in S. 
Consider the set W of all ordinals y with y < my+, 
of D”+ 
and let b = (a,) yi w be the element 
with aY = 1 for each y. Let f: DC’++ S be the continuous map, defined by 
f(a)={ 
1, ifa=b, 
0, otherwise. 
262 H. Herrlich 
Assume that there exists a T,-space X with Card X s (Y and a factorization 
D a+ f -+S=D”+:X:S. 
Since {g(b)} is an intersection of at most (Y open sets of X, there exists a subset 
V of W with Card VG a such that for any point a = (a,),, w of D”+ the following 
implication holds: 
if (Ye = 1 for each y E V, then g(a) = g(b). 
Thus the point c = (av)vt W, defined by 
{ 
1, ifyEV, 
a, = 
0, otherwise, 
is different from 6, but g(c) = g(b). This contradicts f(c) #f(b). 0 
Corollary 5.6. Each of the following properties of topological spaces determines a 
subcategory of Top, which is closed under the formation of sums and retracts but fails 
to be almost corejlective: 
( 1) T,-spaces, 
(2) T, -spaces, 
(3) Huusdorff spaces, 
(4) regular spaces, 
(5) completely regular spaces, 
(6) normal spaces, 
(7) hereditary normal spaces, 
(8) paracompact spaces, 
(9) realcompact spaces (provided no measurable cardinals exist), 
(10) zerodimensional Hausdorff spaces. 
Theorem 5.7. No almost coreflective subcategory of Top is closed under the formation 
of products and consists of T,-spaces only. 
Proof. Assume that A is a class of T,-spaces, which is closed under the formation 
of products and forms an almost coreflective subcategory of Top. 
Case 1: A consists of T,-spaces only. Then A contains all one-point spaces (being 
empty products). Thus A contains all discrete spaces (being sums of one-point 
spaces). In particular, A contains the discrete space D with (0, l} as underlying set. 
Hence A contains all powers D” of D. Thus, by Lemma 5.5, the Sierpinski space 
cogenerates large A-spaces. Consequently A is not almost coreflective in Top. 
Contradiction. 
Case 2: A contains a non-T, -space. If A is a non-T, -space in A, then the Sierpinski 
space S can be embedded into A. Thus S, as an injective To-space, is a retract of 
A. Hence S belongs to A. Let LY be an infinite cardinal and let W = {y 1 y s a} be 
the space of all ordinals y with ys (Y, supplied with the lower topology, as in the 
proof of Proposition 5.4. The sets U, = {y E W) y s p} form a base for the topology 
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of W. The Wth power S w of S belongs to A. The sets V, = {(q) E S w 1 sp = 0) form 
a subbase for the topology of S “. Define maps f: W + S w and g : SW + W by 
f(P)=(s,) withs,= iii:“, 
3 
and 
g(s,) = 
Min{ y 1 s, = 0}, if there exists some y with s, = 0, 
a, otherwise. 
Then f and g are continuous, since 
f-‘m31= up and g-‘[ U,] = U{v,l~~Pl, ifP<a, 
SW, ifp=u. 
Moreover, g 0 f = id w. Thus W is a retract of SW, and hence belongs to 
A. Therefore, by the construction given in the proof of Proposition 5.4, every 
non-To-space cogenerates large A-spaces. Thus A is not almost coreflective in Top. 
Contradiction. I? 
Theorem 5.8. In Top the coimplicational hull of the category Top, of T,-spaces is Top 
itself: 
Proof. Let A = Proj(M) be the coimplicational hull of Top, in Top. Assume that 
some topological space B does not belong to A. Then there exists some m :X + Y 
in M and some continuous map f: B+ Y such that there is no continuous map 
g : B + X with f = m 0 g. Let M be an infinite set with Card X < Card M and let A 
be the T,-space, whose underlying set is B x M, and such that the preimages of 
open sets in B under the projection n : B x M + B together with the cofinite sets of 
B x M form a subbase for the topology of A. Then rr : A + B is continuous. As a 
T,-space, A belongs to Proj(M). Thus there exists a continuous map k: A+ X with 
f 0 T = m 0 k. For each b E B select an element mh E M such that kP’[k{(b, mh)}] 
meets {b} x M in an infinite set Ah. This implies ({b} x M) c cl,A,. Consequently 
the map g:B+X, defined by g(b)=k(b, mb), is continuous and satisfies f = m 0 g. 
Contradiction. 0 
Corollary 5.9. Each non-T, -space cogenerates large T, -spaces. 
Proof. Follows from Theorem 5.8 as in the proof of Corollary 3.7. 0 
Corollary 5.10. In Top the coimplicational hull of the category Top, of TO-spaces is 
Top itsel$ 
6. Some open problems 
Problem 6.1. Is any of the topological properties, mentioned in Corollary 5.6, 
coimplicational in Top? 
Problem 6.2. Does there exist a proper subcategory of Top, which is simultaneously 
almost coreflective and almost reflective (respectively almost coreflective and 
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implicational, or almost coreflective and closed under the formation of products, 
or coimplicational and almost reflective, or coimplicational and implicational) in 
Top? Cf. [ll, 151. 
Problem 6.3. Is every (small) coimplicational subcategory of Top already almost 
corefective in Top? 
Problem 6.4. Is every coimplicational subcategory of Top an intersection of almost 
coreflective subcategories of Top? 
Problem 6.5, Is every limit-closed (respectively limit-closed and implicational) sub- 
category of Top already orthogonal in Top? 
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